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INTRODUCTION

The aim of the present exposition is to give a brief introduction of L? methods
in complex geometry. This is nothing more than a summary of material from
[Dem+96] and [Horgo]. The paper is organised as follows.

The first section is just a very quick revision of the fundamentals of Kahler ge-
ometry and elliptic differential operators. It is assumed that the reader is already
familiar with the results presented; in particular, results such as Garding inequality,
the finiteness theorem and (extended) commutation relations are not proved.

The central result of the second section is an L? existence theorem for the D'~
equation. The proofs in this section are not straightforward, they are the core of the
exposition and require the reader to have some prerequisites in functional analysis.

In the third part, applications of L? estimates are presented. After having intro-
duced the reader to positivity concepts for vector bundles, we give a brief descrip-
tion of the “philosophy” behind the Levi problem and we present proofs for three
celebrated vanishing theorems (Nakano, Cartan B, Kodaira-Serre).

1 PREPARATION

As the name “L? methods” suggests, our aim is to find a suitable Hilbert space to
work on. Since we will mainly deal with applications in cohomology, it is natural to
build this space as a subspace of the (p, q)-forms. In this section, we will explain in
detail this process and recall other basic facts about Kdhler geometry and operators
on manifolds.

Some of the results presented in the paper still hold in the more general case of
hermitian manifolds. In the Kidhler setting the proofs are essentially unchanged,
but the computations involved are simpler.
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1.1 Kahler manifolds

We start with some basic remarks in linear algebra.

Let V be a real vector space of dimension 2n equipped with a linear complex
structure J (i.e., J> = —1). We can take the complexification V¢ = V ® C and extend
J in such a way that v ® z — (Jv) ® z, when v € V and z is a complex number. We
also have conjugation in V¢: simply set v ®z = v ® Z.

We have a direct sum decomposition in eigenspaces of |. Hence, we can write
Ve = VO g v, where V(10 stands for the i-eigenspace. Clearly, V(01 =
V(10), Using ], we can build a complex n-dimensional vector space Vj, by setting
(a+Jb)v = (a+ib)v, forve Vanda,b e R.

It is not difficult to see a complex isomorphism between V; and V(10), given by

the map v — % (v —iJo). Analogously, Vj is identified with V(01 therefore we have
a second decomposition V = V; @ V.
The space of r-forms of V¢ admits a decomposition in (p, q)-forms:

N(Ve)= D AM(V) = D A'(V)®AT(V)).
ptq=r ptq=r

We see that a (p, q)-form w can be defined in two equivalent ways:

¢ w is a real multilinear map V; — C which is complex linear alternating in the
first p terms and conjugate linear alternating in the last g terms;

e w is a complex multilinear alternating map V¢ — C, which vanishes on ho-
mogeneous elements unless p are from V(10 and g are from V().

Let W, W’ be complex vector spaces equipped with hermitian products B, B'. We
can define a hermitian product on the tensor product W @ W' by setting

Blv@dv,w@w') =B(v,v')-B(w,w') v,weWandv,w' €W,

Moreover, B induce an isomorphism W* = W. o
If a hermitian product H is defined on Vj, we can extend it to Vj simply setting

H(3,w) = H(v,w). We use the map ¢: TV; — AV}, and define

¢
[ ARERAN Z (—1)000(1) ®"'®va(p)
TES)

H(v,w) = H(¢p(v),¢p(w)) v,w e APV},

As a consequence of these definitions, H is also defined on AP1V.

If (X,h) is an n-dimensional hermitian manifold, its real cotangent space to a
point is to be thought as V. The corresponding fiber of the holomorphic cotangent
bundle T*X is then identified with V}. In local holomorphic coordinates (z*) the
metric h can be written (using Einstein notation)

h = hypdz" @ dzP

where (h,p) is a hermitian matrix.

The real part of I defines a riemannian metric ¢ = %(h + h) on the underlying
real manifold. The complexification of g, defined on TMc, in local coordinates is
written as

g = %h,xﬁ (dz* ® dzP + dzP  dz").

i —

Analogously, the negative imaginary part of /, defines a (1,1)-form Q = 5(h — ),

0= %haﬁ dz* A dzP,
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When Q) is closed, we say that X is a Kdhler manifold. Remember that the canonical
volume form given by g is given in terms of () by

Q'rl
n!

and induces a measure which we will denote 4V.

1.2 Analysis on vector bundles

Let E be a complex vector bundle of rank r with hermitian structure #’. Then
we can define a product on the space M (X, APAT*X ® E) of E-valued measurable
(p, q)-forms by integration on X:

(v,w) = / h(v,w)dv.
Jx
Finally, we can build the Hilbert space
L2(X, APAT*X ® E) = {w € M(X,APIT*X @ E) | |w|* = (w,w) < oo}.

Let (F,1") be a hermitian bundle of rank ' on X. We denote smooth sections
by C®(X,F). Recall that a (linear) differential operator of degree J is a C-linear
operator P: C®(X,E) — C®(X, F) of the form

Pu(z) = a,(z)D*u(z) |a] <46

where E, F are locally trivialised on some open chart U C X with coordinates z =
(z1,...,2n), 4y are ¥’ X r-matrices with smooth coefficients on U, D* stands for

aa1+"'+lxn

R
dx;' - .- dxy"

and u, D*u are viewed as column r-vectors.
If t € Cis a parameter, f € C®(X,C),u € C®(X,E), a simple calculation shows
that
e @ P(f Dy (2)) = Pop(z, df(z)) - u(z) + lower order terms

is a polynomial of degree J in t, where op is a homogeneous polynomial map
T*X — Hom(E, F) defined by

T;X > ¢~ op(x,&) € Hom(Ey, Fy), op(x, &) = Y a.l"
|a|=6

The map op is called the principal symbol of P, it is a smooth function in (x, ) and
does not depend on coordinates or trivialisations.
The formal adjoint of P is the unique operator P*: C*(X,F) — C*®(X, E) satisfy-
ing
(Pu,v) = (u, P*v)

for sections u, v such that Suppu N Supp v € X. It is easy to see that

op(x,8) = (=1)°0p(x,8)".

By computing P in the sense of distributions, we get the maximal (hilbertian) ex-
tension Py : L2(X,E) — L2(X, F), whose domain is formed by sections u € L?(X, E)
such that Pyu is in L2(X, F).

Since Py is closed and densely defined, we can consider its Hilbert adjoint (P )*
(which is still closed and densely defined). The relationship between the formal and
Hilbert adjoint is given by

Dom(Px)* C Dom(P*)y.

3
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The operator P is said to be elliptic if op(x,) is injective for every x € X and
¢ € TEX ~{0}. In the sequel, the notation H® will be used to denote the s-th
Sobolev space.

The following theorems lay the basis of elliptic PDE theory and Hodge theory.

Theorem 1 (Garding). Suppose E, F have equal rank and let P denote the extension of P
in the sense of distributions. Then, for every u € H°(X, E) such that Pu € H*(X,F), it
holds u € H°(X,E) and

[ulls+o < Cs([IPulls + [lullo)
where Cs is a constant depending exclusively on s.
Theorem 2 (finiteness). In the same hypothesis of the preceding theorem, it holds:
e Ker P is of finite dimension;
e RanP = P(C*®(X,E)) is closed and finite-dimensional in C*®(X, F).
Moreover, the following decomposition is true:
C*(X,F) = RanP & Ker P*
where the sum is orthogonal in H°(X, F).

We briefly recall the basic properties of Chern connection. A connection is a
C-linear differential operator

D: C®(X,A'T*X ® E) — C®(X, A" ' T*X ® E)
satisfying the Leibniz rule
D(wAs)=dw®u+ (—1)°w A Du

forall w € C®(X, A°T*X),u € C*(X,N'T*X Q E).
Clearly, we can split D in a unique way as a sum of the (1,0) and (0,1) part:

D': C®(X, APAT*X ® E) — C®(X, APTMT*X ® E)
D": C®(X, APAT*X ® E) — C*(X, AP T*X @ E).

In a local trivialisation given by a smooth frame, one can write

Du=du+TAu
Du=d+T'"Au
D'u=d"u+T"ANu

where d acts componentwise (d is the exterior derivative and d’,d” its (1,0) and
(0,1) parts, i.e,, d =d +d"),and T =T’ +T” is a matrix of local 1-forms.

We say that D is hermitian if I" = —(I'"’)* in any orthonormal frame. Thus, a
hermitian connection is completely determined by its (0,1) part.

When E is a holomorphic vector bundle, we can extend d” by requiring that it
acts componentwise on local trivialisations; setting D" = d” uniquely determines
a connection, called the Chern connection. From now on D will always denote the
Chern connection.

The Chern curvature is just D?. On a local trivialisation, one checks

D? = (dT +T AT)u,
hence there exists a matrix of global 2-forms ® such that

D?*u =0 Au.

4
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As a consequence of the definition of D, we have
DZ = D'D" + DD’
i® € C*°(C, AV T*X @ Herm(E, E)).

For later use, we note that by the isomorphisms T*X = TX, E* 2 E, we can identify
the curvature tensor to a hermitian form ® on TX ® E.
Finally, we define the Laplace-Beltrami differential operator to be

A =DD*+ D*D.
In order to check that it is an elliptic operator, we introduce vector field contraction:

9—‘(‘1(’71"-'/777’—1) = w(9,171,...,;7,_1)

where 0,71, ...,1,—1 € TX are tangent vectors and w € A’T*X is an r-form. Note
that if § = h(-,0) € T*X, the operator 6 is the adjoint of § A -. For all smooth
functions f, Leibniz rule yields

U;th(etfs) =tdf Ns+ Ds.
Hence, by definition, we find
op(x,8)-s=¢Ns, VEeTiX,Vse A'T"X®E.
We obtain op+- = —(op)*, therefore
op+(x,&) s = —&s.
The equality opop+ + op«op implies

oa(%,8) s == A (Gus) = Ca(ENs)=—(Ea———0)s
oa(x,8) s = ~h(Z,&)s = —~|¢)s

which concludes the proof of the ellipticity of A.
One can also prove ellipticity for the variants

A/ — D/D/* + D/*D/
A// — D//D//* + D//*D/I
We conclude the section with a useful theorem on commutation identities, whose
proof relies on the properties of o and on the possibility to choose a convenient
coordinate system around a point.

Remember that an operator C®°(A'T*X ® E) — C®(A"T*X ® E) is said to have
degree s. The following notation for operators A, B of degree a,b will be used:

[A,B] = AB — (—1)"BA.
A simple computation shows that the Jacobi identity is valid for [-, -].

Theorem 3 (commutation relations). Define the operator L by Lu = Q A u, and set
A = L*. Then, it holds:

[D"*,L] = iD/, [D™*,L] = —iD",
[A,D"] = —iD", [A,D'] = iD"*

5
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2 L2 ESTIMATES

The goal of this section is to prove a central L? existence theorem, which is essen-
tially due to Hérmander. The proofs presented are rather technical, but an effort
has been made to clean up the exposition.

The reader is supposed to know the basics of functional analysis (e.g., the Hahn-
Banach theorem), riemannian geometry (e.g., the Hopf-Rinow theorem) and some
standard facts about plurisubharmonic functions. Moreover, we will freely use the
knowledge provided by the previous chapter.

Some of the proofs below are completed by means of a regularisation argument.
Basically, one needs to use convolution with regularising kernels, possibly after
using a partition of unity argument, so as to divide the support of some interesting
function. This is the only case in which details are skipped, as we feel this process
is quite standard, and does not add anything “new” to the ideas presented.

Theorem 4 (Bochner-Kodaira-Nakano). If X is a Kihler manifold, the complex Laplace
operators A" and A" acting on E-valued forms satisfy the identity

A" =N +[i0,A].
Proof. The last commutation identity yields D"”"* = —i[A, D'], hence
A" =[D",D"*] = —i[D", A, D']].
By means of the Jacobi identity, we get
[D”,[A,D']] = [A,[D,D"]] + [D,[D",A]] = [A,©] +i[D’,D™].
To conclude, just remember that [D’, D”] = D? = @. O

Theorem 5 (basic a priori inequality). Assume that X is compact. The following inequal-
ity holds:

|D"u||> + || D"*u||? > / h([i®, Alu,u)dv.
X
Proof. If u € C®(X, APAT*X ® E) is an arbitrary (p, q)-form, an integration by parts

yields
(A'w,u) = |D'ul* + |D"u|? = 0

and similarly for A”, hence by using the result above we obtain
ID"ul|? + ID"*u||* = ||D"ul|* + || D" u|/ +/ h([i®, Alu,u) V.
X
O

Lemma 6. We denote by & the geodesic distance of X. The distance J is complete if and
only if all balls B(xg,r) = {x € X | 6(x,x9) < r} are compact. Moreover, under these
hypotheses, there exists a sequence of compact sets K, with X = JKy and Ky, C KJ_ , and
a sequence of cut-off functions \, such that |dy,| <1, ¢, = 1 on K, and Supp ¢, C K 41.

Proof. The first part of the statement derives from the Hopf-Rinow theorem. For the
second part, set K, = B(xp,3") and define ¢, by

py = 0(3"d(x0, x))

where 6: R — R is a smooth function with (for example)

9
- <f<
10=0=0

1

— < =
Bt =1 t<1+
0 =0 >3- —

10
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Since the distance function x — é(xp, x) is a 1-Lipschitz function, it is almost every-
where differentiable, with a differential of norm < 1, hence we get

1
d <1-——.
Now, in order to get i, smooth, we need to take convolution with regularising
kernels. 0

Lemma 7. Assume that  is complete. For every form with measurable coefficients u €
M(X, APAT*X ® E) such that

uel?, D'wel? D"™ucl?
there exists a sequence of smooth forms u, with compact support, such that
u, = u, D"u,—D"u, D" u, = D"™u
in L? sense.

Proof. Let us denote by ¢, a sequene of cut-off functions as provided by the preced-
ing lemma. If u € L? and D"u € L?, then ¢,u € L? and it holds that

D" (pyu) = p,D"u+d"p, ANu € L%

Moreover, since ¢, — 1 and |d"y,| — 0 pointwise with 1 as uniform bound, by
Lebesgue’s bounded convergence theorem we find

¢D"u— D"u, d"Y,ANu—0

2 sense. By adjunction, provided that D”*u € L2, we can conclude

inL
D//*lpyu — Dll*u.

So far, we have been able to approximate u by the compactly supported elements
YPyu. If we want ot obtain smooth approximants u,, we have to go through a regu-
larisation process, as explained in the beginning of the section. O

These corollaries follow immediately.

Corollary 8. If the distance 6 is complete, that the Hilbert adjoint (DY;)* and the hilbertian
extension of the formal adjoint (D""*)4 coincide.

Corollary 9. The basic a priori inequality extends to arbitrary forms u such that
uwel?, D'uel? D"™uel?
We now introduce the reader to the notion of positivity for vector bundles.
Definition 10. Let E be a hermitian vector bundle over X. One says that
o E is Nakano positive if © is positive definite;

o Eis Griffiths positive if (¢ ® v, @ v) > 0 for all decomposable tensors & ® v €
TX®E.

The second definition is included for completeness reasons, we will not need it
in the rest of the paper.
The following theorem is the central result of our exposition.

Theorem 11 (L? existence theorem). Let X be a Kihler manifold and & be complete. Let
E be a hermitian vector bundle over X and suppose A = [i®, A] > 0. Then for every form
¢ € L2(X, APAT*X ® E) satisfying D" ¢ = 0 and

/ h(A™lg,8)dV < oo,
X
there exists f € L2(X, APA~1T*X ® E) such that D" f = g and

2dv < | h(A71g,g)dV.
JJrrav < [ a7,

7
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Proof. We start by considering the Hilbert space decomposition
L2(X, APAT*X ® E) = Ker D" @ (Ker D”)*.

Note that Ker D" is weakly closed, hence closed. If v € D(X,APIT*X ® E) is a
smooth form with compact support, we can write

U =101+70p
according to the above decomposition. Since (Ker D)+ C Ker D"
g,v1 € Ker D" by hypothesis, we obtain D"*v; = 0 and

(g 0)? = [{g o) P = (AAT g, 01)|* < (A7"g, 8) (Avy, v1)

where the Cauchy-Schwarz inequality has been used.
The next step is applying the basic a priori inequality to u = v;:

by duality and

(Avy,v1) < [|D"01|* +[|D" 01 ||? = | D" 01 |* = | D" 0|,

By making use of both inequalities, we find

2 i -1 "%, 112
(g o) < ([ (a7 'g.g)av) D"

for every smooth (p, g)-form with compact support. Thus, we have defined a linear
functional
D"*(D(X,A\PAT*X®E) - C, w=D""vw (v,9).

This functional is continuous in L2 and its norm is bounded by a constant C, where

1

C= (/XIQ(A—lg,g) av)®.

By the Hahn-Banach theorem, there is an element f € L?(X, APAT*X ® E) with
|l Il < C, such that

(0,8) = (D", f)

for every v. We conclude that D”*f = g in the sense of distribution, which is
sufficient. Note that the inequality || f|| < C is precisely the last estimate in the
statement of the theorem. O

Remark 12. It is always possible to take a solution f which also satisifies the prop-
erty f € (KerD”)L. It is sufficient to replace f by its orthogonal projection on
(Ker D). Clearly, this solution is unique and has minimal L? norm in the set of
forms satisfying the equation D" f = g. Since

(Ker D")* = Ran D" C Ker D",

we conclude that the minimal L? solution satisfies the additional equation D"* f = 0.
As a consequence,
Al/f — D//*D//f — D//*g

Also note that if g is of class C®, the ellipticity of A” automatically implies the
smoothness of f.

Our aim is to extend the main L? theorem to the case of non-complete metrics (i.e.,
the induced distance ¢ is not complete). We briefly recall an important definition.

Definition 13. Suppose X be a complex manifold. A continuous function ¢: X — R
is called an exhaustion if the sets {z € X | (z) < c} are relatively compact for every
constant c.

Equivalently, §(z) — oo with respect to the filter of complements of compact
sets. The manifold X is weakly (resp. strongly) pseudoconvex if there exists a smooth
plurisubharmonic (resp. strongly plurisubharmonic) exhaustion function ¢ on X.

8
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Examples of pseudoconvex manifolds include:
e compact complex manifolds (take ¥ = 0);
o closed analytic submanifold of CV (take y(z) = |z|?);
e open balls B(zg,7) (take ¥(z) = 1/(r — |z — z0|?)).
Proposition 14. Every weakly pseudoconvex Kihler manifold X carries a complete metric.

Proof. Let 1 be a plurisubharmonic exhaustion function. The idea is to introduce a
slight modification of the fundamental form ()

Q=0Q+idd (xop) =Q+i(x cp)dd"yp+i(x" ocp)dpnd"y
where x: R — R is a convex increasing function. The third term in the expression

of O implies the norm of
VX oypdy

with respect to () is less or equal than 1. Hence, if p is a primitive of \/x”, we have
the inequality

[d(pop)lg <1.
By integrating along paths, we see that

(¥ (x)) —p(@Y))lg < 55 (xy)

for all x,y € X. Therefore, the geodesic ball B(zo,7) C {z € X | dg(z,20) <
P(zo) + r} is relatively compact if p o ¢ is exhaustive, i.e., if

lim p(t) = +o0.

t——4o00

Thus, we obtain the sufficient condition

[ = o =

which is realised (for example) by choosing x(t) = 2. O
Theorem 15. The L? existence theorem still holds if the metric is not complete.

Proof. We developed the main ideas in the preceding proposition. If we apply the
theorem for the complete metrics associated to

Q=Q+edd (y?) e>0,

we get solution forms f, which are uniformly bounded in L? norm. Since the close
unit ball of an Hilbert space is weakly compact, we can extract a subsequence

fo, — f€L?

converging weakly in L2. By weak continuity of differentiations, by passing to the
limit we obtain the desired equality

D'f=g.

9
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3 VANISHING THEOREMS

The most important applications of L? estimates are
e vanishing results for Dolbeaut cohomology groups;
e existence theorems for holomorphic functions;
e approximation theorems for holomorphic functions.

All three aspects are in fact intimately related, but a complete explanation of this
statement goes beyond the scope of the present exposition. Existence results are at
the heart of the solution of the celebrated Levi problem, which gives a characterisa-
tion of Stein manifolds in terms of strongly pseudoconvex manifolds.

As we will (partly) see, Stein manifolds enjoy a very strong vanishing theorem
about cohomology groups.

In the sequel we will prove three vanishing theorems. We are going to skip
some elementary (though somewhat laborious) calculations whose end result is that
A = [i®, A] is positive on the (1,q) forms under the hypothesis that E is Nakano
positive. The interested reader is invited to consult [Dem12, Chapter VII, Section
7l. Alternatively the reader may assume A > 0 in place of Nakano positivity in the
theorems below.

Theorem 16 (Nakano vanishing theorem). Let E be a Nakano positive holomorphic
vector bundle over a weakly pseudoconvex manifold X of dimension n. Then

H"(X,E) =0
for every g > 1.

Proof. The L? theorem shows that the equation D”f = g can be solved provided
that ¢ is D"-closed and satisfies a suitable bound. Moreover, we know that f is
smooth if g is smooth. We would like to solve the equation for a closed smooth
form, whatever is its behaviour at infinity. To this end, let ¢ be a smooth exhuastive
plurisubharmonic function on X. If we multiply the metric of E by the weight factor

e XY,

where ) is as usual a convex increasing function, the resulting curvature tensor is
written

Oy =i@+id'd" (x o) =i®@+i(x op)d'd"p+i(x" op)d'p Ad"y.

Note that positivity is preserved, more precisely the curvature operator A, on (n,q)
forms satisfies
Ay>A  Al<AT

hence we get

/ h(Ay lg,g)e ¥ dv < / h(A™1g,8)e XV dV < +oo
X X

when x grows quickly enough, e.g., if x is such that
e*W‘)/ h(A™'g,g)dv <27F
tkepan A& 8)AV S
for every integer k > 0. This allows to get a smooth and minimal L? solution f,
which implies H" (X, E) = 0 for ¢ > 1 as we wanted. O

Theorem 17 (Cartan theorem B). Let E be a holomorphic vector bundle over a weakly
pseudoconvex manifold X. Then
HPA(X,E) =0

for every g > 1.

10
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Proof. We choose an arbitrary metric i’ on E. By the above formula for i©,, we see
that the curvature of E can be made positive if the first derivative of x grows quickly
enough. As a consequence, we have the vanishing of the groups when p = n. To
obtain the general conclusion for (p, q)-forms, we use the canonical duality pairing

ATX @ A'T*X — C,
and the contraction pairing
N'TXQANT*X®E — A" PTX.
These allow us to perform the following trick:
APIT*X @ E =AMT*X @ AP T*X @ A"T*X @ A"TX ® E
=A"IT*X®F

where F is defined as
A" PTX ®E.

Now just observe that the Dolbeaut complex AP*T*X ® E is isomorphic to the
Dolbeau complex A"*T*X & F, hence

HPA(X,E) = H"(X,F) = 0.
O

Our last vanishing result concerns line bundles. There are missing details, which
can be filled by simple (but tedious-to-write) computations.

Theorem 18 (Kodaira-Serre vanishing theorem). Let E be a_hermitian holomorphic
line bundle over a compact complex manifold X. Assume that ® > 0. Then for every
holomorphic vector bundle F, there exists an integer kg = ko(F) such that

HP(X,E** @ F) =0
forevery p > 0,9 > 1,k > k.

Sketch of the proof. Given hermitian holomorphic vector bundles L, N, one can ex-
press the Chern connection of the tensor product in terms of the connections of E
and F. The resulting formula is the following:

DL@N(M & U) =Diu®uv+ (—1)deg”u ® Dynv.
This easily implies
Oreny = 0O ®1dy +1d; ®Oy.
In the case of our line bundle E, we find, after the identification End(E) = C,

®E®k == k@E,

hence
®E®k®F = kO ® Idf +Op.

This means that the associated hermitian form satisfies
Opergp(m,1) = kln* + O (n,7)

where i®f is considered as the Kihler metric on X. Therefore, the bundle E®* @ F
is Nakano positive for k > kj large enough, and we conclude

H"(X,E** ® F) =0

for g > 1 and k > ko. The case p # n is carried out by using the same trick of the
previous proof. O

1"
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