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INTRODUCTION

The aim of this report is to prove the Oka-Cartan fundamental theorem, also known
as Cartan theorem B. The proof will closely follow the exposition in [Nog16].

Theorem. Let M be a Stein manifold, and let F be a coherent sheaf over M. Then we have
HI M, F)=0 g>1
The result relies on the proof of equivalent statements for manifolds of increasing
complexity:
e convex cylinder domains (step 2-3);
e analytic polyhedra (step 4);

e holomorphically convex domains (step 5);

e Stein manifolds (section 3);
As a corollary, in the last section we will prove

Theorem (Cartan theorem A). Let M be a Stein manifold and F a coherent sheaf over
M. Then F is spanned by finitely many global sections, i.e., for a suitable N € N, the
following sequence is exact:

oy ——F——0
Theorem (Analytic de Rham theorem). Let M be a Stein manifold of dimension n. Then
it holds that
H7(M,C) = H’ .(M,C) q>0
In particular, H1(M,C) = 0 when q > n.
On a general manifold the last result may fail as shown in subsection 1.3.

The Oka-Cartan fundamental theorem solves the first and the second Cousin
problem and it plays a key role in the GAGA correspondence.
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1 PREPARATION

In the sequel, we will use the following conventions:
o Oy is the sheaf of holomorphic functions over a complex manifold M;
e B(a,r) ={z € C" | |z—a| < r} is the ball centered at a of radius r;

e D(a,r) = {(z1,...,20) € C" | |z —a;| < r;,i = 1,...,n} is the polydisk
centered at a = (ay,...,a,) of radius v = (r1,...,74).

o Let f: M — N be a holomorphic map between complex manifolds. The
functor f* is the inverse image functor in the category of Op-modules and
f+« is the direct image functor in the category of On-modules. More precisely,
given a Op-module F and a Oy-module G,

f*g = fﬁlg ®f—10N OM
f.F(U) = F(fY(U)) VU openin N

(f*, f«) is an adjoint situation, or f* is left adjoint to f.. For further details, the
reader is referred to [Dem1z2].

1.1 Coherent sheaves

In this subsection we recall some properties of coherent sheaves. For further
details, the reader is referred to [Nog16; Demiz2].

Theorem 1 (Serre theorem). Let be given the short exact sequence of Ops-modules

0 F g H 0

If two of the sheaves F,G,H are coherent, then all three are coherent.

Theorem 2. Let F, G be coherent O y-modules over M. Then the tensor product
F®oy 9

is a coherent sheaf.

Let X be a closed complex submanifold of a complex manifold M. We denote
i: X < M the inclusion map.

Definition 3 (Geometric ideal sheaf). The geometric ideal sheaf is the kernel of the
surjection Oy — Oy, defined by

Om(U) — i,0(U) = Ox(UNX) VU openin M
feflx

Definition 4 (Simple extension of a sheaf). The simple extension of a sheaf F over X
is the direct image of F with respect to the inclusion map X <+ M. It is denoted
.F - l*f.

If X = {a}, an Ox-module over X is just a module over the ring C and its simple
extension is the skyscraper sheaf of that C-module centered in 4. Furthermore, any

Op-module F supported on the point a is a skyscraper sheaf F, centered in a.

Indeed, sections of F over a neighbourhood of a are determined by their projection
in the stalk F, of a, while they are identically zero over an open subset which does
not contain a.

Theorem 5. Let X be a closed complex submanifold of a complex manifold M. Then the
following propositions hold:
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o the geometric ideal sheaf Tx of X is a coherent sheaf over M;
e the simple extension extension Ox of the sheaf Ox over M is coherent over M;
e the simple extension extension F of a coherent sheaf F over M is coherent over M.
With the notation above,
Proposition 6. H1(X, F) = H1(M,F) ¢ >0
Proof. Choose U a covering of M.

Cq(u,i*f): H i*f(u]'oﬁ---ﬁu]'q)

(jor---rjq) EATH!

= I Fe'wuy)n---nitluy))

(joref) € AT

= (i (U), F)

The inverse image i ' (/) is a covering of X, and since X is closed, any covering of
X can be considered as the restriction of a covering of M. Hence,

HY(X,F)=HI(M,i,.F) g>0
since they are colimits of the same diagram. O
Let f: M — N be a biholomorphic map between complex manifolds.
Proposition 7. H1(M, F) = HI(N, f.F) >0
Proof. Choose V a covering of N. As in proposition 6,
CIV, fF) =C1(F V), F)

The diagram of the coverings of N is isomorphic to the diagram of the coverings of
M via the inverse image of f. Hence,

HY(M,F)= H1(N,f,.F) q>0
O

In general, let f: M — N be a holomorphic map between complex manifolds.
The right exactness of the inverse image functor f* implies the coherence of the
sheaf f*G, where G is any coherent sheaf over N. If f is a biholomorphism, also the
direct image functor f; is right exact, hence f,F is coherent for any coherent sheaf
F over M. By proposition 7,

HY(M,F) = HI(N, f.F) q>0

Therefore, in the case of biholomorphic manifolds M and N, we deduce the follow-
ing theorem.

Theorem 8. Suppose that H1(N,G) = 0 for every coherent sheaf G over N. Then
H1(M, F) = 0 for every coherent sheaf F over M.

1.2 Holomorphic convexity

Our purpose is to prove the vanishing of some cohomology groups. It is natural
to deal with manifolds satisfying a property

1. invariant under biholomorphic maps;

2. stable under finite intersections.
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We require 1 as the vanishing property is also invariant under biholomorphisms,
and we require 2 because we need Leray coverings to work with Cech cohomology.
For the same reason, we will mainly deal with polydisks.

We will now introduce the basic notion of holomorphic convexity. For further
details, the reader is referred to [Nog16; Dem12].

Definition 9 (Holomorphic convex hull). Let M be a complex manifold and K C M
be a compact subset. The holomorphic convex hull of K is the set

K=Kom ={zeM||f(z)| < sup f(2)]Vf e OM)}

We list some elementary properties of the holomorphic convex hull.

1. K is a closed set containing K;

3. K contains all the relatively compact connected components of M ~ K;

4. if Q) is a domain in C", then I?O(Q) is contained in the convex hull of K;
5. if 04,y are domains in C", ()1 C (), then RO(Ql) C RO(QZ)-

Since the convex hull of a compact set K in C" is still compact, K\O(Cn) is compact.
When () is arbitrary, I?O(Q) is not always compact. For example, if Q = C? . {0},
by Hartogs theorem O(Q) = O(C?), hence the holomorphic hull of the sphere S*
is the non compact set S = B(0,1) \. {0}, as it is easily seen applying properties 1,
3 and 4 above.

Definition 10 (Holomorphic convexity). A complex manifold M is said to be holo-
morphically convex if the holomorphic hull Koy of every compact subset K C M is
compact.

Examples of holomorphically convex domains include:
e Any domain in C, as a consequence of Runge theorem.
e Any convex domain in C", by property 3 above.

o A convex cylinder domain in C" (i.e., a product of n convex domains in C),
since it is biholomorphic to a polydisk. More generally, it is sufficient to
take a product of simply connected domains, thanks to the Riemann mapping
theorem.

On the other hand, for instance C? . {0} is not holomorphically convex for the
aforementioned reasons. Using definition 10 and property 5, the following proposi-
tion is easily proved.

Proposition 11. Holomorphic convexity is invariant under biholomorphic mappings, and
stable under finite intersections.

1.3 Sheaf resolutions

By Poincaré lemma, 0-Poincaré lemma, and holomorphic Poincaré lemma, the
following sequences are exact:

0 R &Y &y
0 of g9 gnd

4
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where £, EP1, (9,(\4’7) denote respectively the sheaf of smooth p-forms, (p,q)-forms
and holomorphic p-forms. Since the first two resolutions are acyclic, the abstract de
Rham theorem implies

Hl,(M,R) = H(M,R) >0
HY(M,C) = HI(M, 0 g>0
In particular, for p = 1, the second resolution gives
0’ ~Y
Hy'(M,C) = H'(M,On) q>0

By 0-Poincaré lemma ([GH78, p.25]), if M is a polydisk (or any convex cylinder
domain), we conclude
HT(M,Op) =0 g>1

This is a particular case of the Oka-Cartan fundamental theorem.

Conversely, note that in general the third resolution above is not acyclic, and
HY (M, R) % H1(M,C). For example, let M be C2 . {0}. Taking the real tensor
product of the first resolution with the constant sheaf C, we obtain

HI.(M,C) =2 H1(M,C) q>0

Since M is homotopy equivalent to the sphere S3, we obtain HSR(SB’) = C. But
clearly, Hfi‘ i R(M, C) = 0, because M has complex dimension 2. We will prove in the
last section, as a corollary of the Oka-Cartan fundamental theorem, that the analytic
de Rham cohomology of Stein manifolds is isomorphic to the cohomology of the
constant sheaf C.

2 THE FUNDAMENTAL THEOREM

Theorem 12 (Oka-Cartan fundamental theorem). Let (3 C C" be a holomorphically
convex domain, and let F be a coherent sheaf over Q). Then we have

H1(Q,F)=0 g>1
The proof is rather long, hence it is divided in several steps for ease of exposition.

STEP 1. Our first claim is: for an arbitrary sheaf F over any domain Q), it holds that
H1(Q, F) =0, when q > 2°".

Firstly, we choose a covering of () made of compact cubes {E; },c4 in C" =
R?". Then we choose another covering {U, },ca of relatively compact open
cubes such that E, € U, € Q. Since U, is relatively compact, it intersects a
finite number of cubes of the first covering, hence without loss of generality
we can suppose that E, is the only cube completely contained in U,.

Note that the neighbourhood of a vertex has non-empty intersection with
22" cubes (of the first covering) at maximum. Therefore, intersecting more
than 22" distinct cubes yields the empty set. Given a cochain ( fio,...,iq) in
Cl({Uy}, F) = ILi,...ig) e ar+1 F (Ui, N---NU,), the cocyle condition implies
that, whenever two indices in {iy,...,i;} coincide, we must have figig = 0.
We conclude a g-cocycle is uniquely determined by sections over intersection
of g+ 1 distinct open sets. This remark proves the claim.

sTEP 2. Let () be a convex cylinder domain of complex dimension n. By 8, thanks
to the Riemann Mapping Theorem, we can assume that () is an open cube.
Let {Q, } be an exhaustion® by relatively compact open cubes in Q).

1 Let () be a manifold. An exhaustion of () is a collection of open subsets {P,} such that P, € P,;1 and
Q=UP,.
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We want to prove that for any coherent sheaf F over Q0, H1(Q),, F) =0, for g > 1.

We denote by {E,;} a grid of finite compact cubes whose union is Q. We
require the E,, to be so small that each of them is contained in an open set
Uy with the following properties:

L4 Evy S ul/]u'

e for a suitable N, € N, there exists an exact sequence

Nyy  Pvp
oyt = Flu,, ——0

The existence of such U, is guaranteed by the following reasoning: we apply
the definition of coherence to find open sets around each point in (3,, and then
we use Lebesgue number lemma to obtain a number J, which we choose to be
the diameter of the cubes forming the grid. Applying Cartan merging lemma
([Nog16, lemma 4.2.17]), a finite generator system is found by glueing together
those for F(Uy,) and F(U,,) (which are provided by the exact sequence
above), where U, and UW’ are associated to adjoining cubes E,;, and EVH"
Repeating this procedure (recall the number of E,, is finite), for a suitable
N, € N, we can construct an exact sequence

Py

oy Flu, 0 (1)

on a neighbourhood U, of Q). Hence, we obtain a short exact sequence

Pv

0—— ker g, oy Flu, 0 (2)

Restricting to (), we have a long exact sequence
HY(Q, Oy') — H1(Qy, F) — HTH(Q,, ker g,) — HITH(Q, O)
By Dolbeaut theorem, since (), is a convex cylinder domain, we get
H(Q,0) =0 gq>1
therefore,

H(Qy, F) = HIT (Qy, kerp,) g>1

We have increased the degree of the cohomology group by one, which is the
key point in view of the vanishing property of step 1. By (2), ker ¢ is coherent
by Serre theorem 1. As a result, we proved that, given a coherent sheaf F
over a neighbourhood of (), we can find a second coherent sheaf F; over a
possibly smaller neighbourhood of (), such that the following is true:

H(Qy, F) = HT"H(Qy, 1) q>1
Iterating this procedure, we get a chain of isomorphisms
2n
HI(Qy, F) = HTH(Qy, Fr) = - 2 H (Qy, Fpzu_y) = 0
(g = 1) where the last equality holds by application of step 1.

sTep 3. Until now, we proved Oka-Cartan fundamental theorem in the case of an
open cube and of a sheaf defined over a neighbourhood of its closure. To
deal with the general case, we need to glue together local solutions of the ¢-
equation. We will correct local solutions with appropriate cocycles in order to
satysfy the glueing conditions.

Now, our goal is to prove that for any coherent sheaf F over a convex cylinder domain
Q, H1(Q, F) =0, forqg > 1.
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Again, by the Riemann mapping theorem, we can assume that () is an open
cube. Let {Q),} be an exhaustion by relatively compact open cubes, and U =
{Uy }nea alocally finite open covering of Q) by relatively compact open cubes.
By step 2, since U;, N --- N U, is still an open cube for every (ig, ..., i5) €
AT+ HI(Uj,N---N Ui,,/]:) = 0 for all ¢ > 1, which shows that { is a Leray
covering. We set U, = {U, N Q) }, which is a Leray covering of Q),, because
U, N Q) is still a relatively compact open cube in ). Therefore, we obtain the
isomorphisms

H1(O,F)=HIU,F) q>0
by the property of Leray covering and step 2. In order to finish this step

of the proof, we need to show that, for every f € Z9(U,F), we can find a
$v € C1-1(Uy, F) satisfying the following properties:

1. ng = f|Qv’
2 Gvioyiy = &v—Tiigy...iy for all (ip, ..., ig) € AT such that U; N ---NU;, C
Q1.

In fact, by the sheaf axioms, we glue {§,} a cochain § € C7~1(i, F) such that
J§ = f. As a consequence, [f] = 0 as wanted.

We analyse separately the case ¢ > 2 and g = 1 (in this order).

cASE g > 2. Condition (3) implies there exist g, in C7~! (U, F) such that

fla, =68 v=12,... (4)

The following is a standard argument. We correct the defect g, — g,+1 on (),
by the boundary of a cochain in C7-2(l4,, F), hence providing a variation §,
of the sequence g, with the properties required. Note that since 4 > 2, we
have enough room to decrease the degree of the cohomology by two units.
We emphasise that this process crashes down in the case g4 = 1, for which a
more substantial approximation argument is needed.

Set §; = g1. Given an element §, € C1-1(U,, F) with v < pu satisfying
properties 1 and 2 above, our aim is to construct a cochain g, 1. By (4), it
h}i)lds that 6 (§u — §u+1la,) = 0, and there exists h,11 € C1-2(U,, F) such
that

We extend /1,41 to a cochain 1,11 € C172(U, F) as follows:

(6)

pALio,ig—2 —

3 _ hﬂﬁ“l}io,-wikz U,»O n---N UiH - QP‘
0 else

We set
Su+1 = Qu+1 T §h;¢+1|014+1
then, by definition of §,11 and (4)

‘5g~y+l = 5g,4+1 = f‘QVH

-1

IfU,n---nN Ul-q C )y, then by definition of 11, (6) and (5),

SuTiioig 1 = &utiig, g1 T 0 Myt ji, iy o
= Qu+Ligig 1 T 0 Muttji iy
= 8Wio,ig—1

which completes the construction of the required sequence.
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case g = 1. The case g = 1 requires a different approach that we outline below.

Lemma 13. Let E be a closed cube in a domain Q) contained in C", F a coherent
sheaf over Q). There exists open neighbourhoods U, U’ of E, with U' C U, such that
the following propositions are true:

1. F is spanned by finitely many global sections, i.e., for a suitable N € N/, the
following sequence is exact:

oN Flu 0

2. F(U') is spanned by finitely many global sections, i.e., for a suitable N € N,
the following sequence is exact:

oN(U') — F(U') ——0

Proof. We divide the proof in two parts.
1. This is an immediate consequence of step 2.
2. By the first part, restricting to U’, a relatively compact open cube such
that E € U’ € U, for a suitable N € N/ we obtain a short exact sequence

P

0 ker ¢ (’?g/ Fly ——0

Note that ker ¢ is coherent by Serre theorem 1. Hence we have a long
exact sequence

HO(U, 0N,) —— HO(W, F) —— H'(W ,ker ¢) = 0

where the last equality follows by step 2. The map ¢* is onto, and this
remark concludes the proof.

O

Now we assume that g, is a (g — 1)-cochain on a neighbourhood of Q,, such
that

f=08v
is true on a neighbourhood of Q,. Set & = g;. We are going to define

inductively g, on a neighbourhood of Q,. Assume that the elements S, 1<
v < u, are given. By (4), it holds that ¢ (gy+1|074 —gu) = 0, and there exists

Su+1 on a neighbourhood of 0, such that
Su+1 ‘(TV —8u =Su+1 (7)

By lemma 13, there exist a finite generator system {0, ]}]Aill of F, on a neigh-

bourhood of ). Moreover, any section s, can be expressed as a linear com-
bination of ¢{;,;1); with holomorphic coefficients 4, ,1); defined on a neigh-

bourhood of ), by commutativity of the following diagram:

OM#H (UV-H) B f(uy+l)

| |

oMw1(Uy,) ——— F(U,) —— 0

8
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(here U, is an open neighbourhood of Q). Explicitly, on a neighbourhood of
Q,,
M1
Spt1 = T (1) (u+1);
=1

]

By Runge approximation theorem for convex cylinder domains ([Nog16, the-
orem 1.2.23]), the holomorphic functions 4, ,1); defined on a neighbourhood

of O are uniformly approximated in (0, by holomorphic functions @, 1);

defined on a neighbourhood of (), 1, so that

a1y — ﬁ(y+1)j\|07 = sup |ag,11);(z) — Ag11)(2)| <e
ZGQF

where ¢ will be determined later. We define the section 5,11 of F on a neigh-

bourhood of ()11
M;t+1

Sp1 = Zl A1) 1))
j:

and the 0-cochain ;1 on a neighbourhood of (3,14

Su+1 = §u+1 — Su+1

The following properties hold:
* 83,41 =0gu+1 = f on a neighbourhood of 0;
® $ut1— 8 = 8u+1—Su+1 — §u = Su+1 — Su+1 on a neighbourhood of (TH
We define
Gy:=§+0b

where b, is an additive correction of §,. We are going to investigate which
conditions should be imposed on b, such that G, satisfies properties 1 and 2.
Firstly,

fla, =0Gy, =088, +0by = fla, +dby

which implies that b, should be a section of (,. Secondly, G, should satisfy

Gu+ila, = Gu

Therefore,

GV-H |QV = gV-H + bv+1 = gv + gv-ﬁ-l - gv + bv-i—l
= gv +Sy41 — §v+1 + bl/—i—l
Gv = gv + bv

which implies that b, should have the form

by =sy41 =841+ by
[ee]

by =) Sp+1— 511
A=v

oo Myi1

=Y Y (ap1)) — Fas)) 0040,
=v j=1

By lemma 13, on a neighbourhood of Q,,

My

Ca+1)j = Z XA+10)jk7 (v)k
k=1

9
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for some holomorphic functions «(, 1, defined on a neighbourhood of Q,.

F(Upy1)

J

oMv(u,) —— F(U,) ——0

(here Uy, is an open neighbourhood of (),). Hence,

A+1 Mv
Z (A+1)j — B(A+1)]) kZ XA 4+1,0) k0 (0)k
: =1

I M§ l MS

oo Myi1
Z Z Ap41)j — BA+1)) X A+10)jk | Tk

The existence of such b, depends on the convergence of the coefficients of
0k In fact, they converge absolutely and uniformly on (), for instance if
we choose & small enough such that

oo Myq1 1
Yo Y s — A )epsmidla; < o
A=y =1

for fixed A and 1 < v < A, which concludes the proof.

STEP 4.

Definition 14 (Analytic polyhedron). Let O € C" be a domain. Let {f;}"; be
a finite collection of holomorphic maps (2 — C. The set

P={zeQll|filz)| <1,1<j<m}

is called a O(Q)-semianalytic polyhedron. A union of finitely many relatively
compact connected components of P is called a O(Q))-analytic polyhedron. The
functions { f]} ", will be called the defining functions of P.

Analogously, we can define a O(M)-analytic polyhedron when M is a complex
manifold.

We need to prove that for any coherent sheaf F over an analytic polyhedron P
in a domain Q) (semianalytic polihedron contained in a convex cylinder domain),
Hi1(P,F) =0, forqg > 1.

Let {f; };": 1 be the analytic functions defining P. Since P is bounded (relatively
compact in C"), there exists a polydisk A containing P.> The Oka map is the
holomorphic embedding

ip: P — A x D(0,1)™
2z (z, 1(2),..., fm(2))

The image ((P) is a closed complex submanifold of the polydisk A x D(0,1)™.

Indeed, as [f;j| = 1 on the boundary points of P for some j € {1,...,m},
t(0P) € 9(A x D(0,1)™), moreover since ¢ extends continuously to a map
P — AxD(0,1)", P is sent to a compact (hence closed) set. Now, taking
the intersection ((P) N A x D(0,1)™ = 1(P), we see that i(P) is closed in A x
D(0,1)™.

2 Here, we can drop the relative compactness assumption, just requiring that P belongs to a convex cylin-
der domain. This allows us to extend the result to a semianalytic polihedron contained in a convex
cylinder domain.
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Identifying P with its image via 1, we are now able to take the simple extension
sheaf F over A x D(0,1)™, which is still coherent by 5. Applying step 3 to the
convex cylinder domain A x D(0,1)™, we get

~

HY(AxD(0,1)",F) =0 g>1

~

By 6, H1(P, F) = H9(A x D(0,1)™, F). This terminates the fourth step.

sTEP 5. We begin with a technical lemma.

Lemma 15. A holomorphically convex domain Q) admits an exhaustion by O(Q)-
analytic polihedrons.

Proof. Since () is a connected domain in C”, hence second countable and lo-
cally compact, it admits an exhaustion {V,} by compact connected subsets.

By definition of holomorphically convex domain, the holomorphic hull ﬁ of
V7 in Q is compact. We choose a relatively compact open neighbourhood W
of V4. We have a chain of inclusions

VieVieWeQ

By definition of holomorphic hull, for each a € dW, since a ¢ ﬁ, there exists
a function f € O(Q) such that

sup |f] < [f(a)]
i

For a certain 6 € R,
sup |f| <6 <|[f(a)]
i

By continuity, in a neighbourhood U, of 4,

sup [f| <80 < |f(z)] Vzel,
W

Eventually rescaling f, we can suppose

sup |f| <1< |f(z)] Vzel,
Vi

Since the boundary of W is compact (the boundary of W can be covered by a
finite number of U,), there exists a finite number of f; € oNQ),j=1,...,m,
such that .

ViCcP:={zeQl|fi(z)| <1,1<j<m}

Therefore, the connected component P; of P containing V;, is an analytic poly-
hedron such that
ViePheW

Iterating the procedure for V,,, with v, large enough such that Py UV, C V,,,
we obtain an exhaustion of () by analytic polyhedra P,. O

We state our claim: for any coherent sheaf F over a holomorphically convex domain
Q, H1(Q, F) =0, forqg > 1.

Basically, we are going over the argument proposed in step 3, with a few
changes. Let {P,} be an exhaustion by analytic polyhedra of (), and U =
{Us}aeca a locally finite open covering of Q) by relatively compact convex
cylinder domains. By step 2, since U;, N --- N U, is still a convex cylinder
domaim for every (ig,...,i;) € AT HI(U;;N---N Ul-q,}") =0forallg >1,
which shows that I/ is a Leray covering.
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We set U, = {U, NP, }, which is a Leray covering of P,. Indeed, if U, C P,
then U, N P, = U, is a convex cylinder domain, otherwise that intersection is
a semianalytic polyhedron in a convex cylinder domain. By step 2 and step 4,
U is a Leray covering as claimed. Therefore, we obtain the isomorphisms

H1(Q,F)=HIU,F) g>0
0=H1P,F)=HI(U,F) qg>1
by the property of Leray covering and step 4. In order to finish this step

of the proof, we need to show that, for every f € Z9(U,F), we can find a
$v € C1-1(U,, F) satisfying the following properties:

© 5g1/ = f|Pv;
° gV;i0,~~.,iq = gvfl;io,~~-,iq for all (io, . ,iq) (S ATt such that llio NN U,‘q -
P,_1.

In fact, by the sheaf axioms, we glue {§,} a cochain § € C7~1(i, F) such that
0§ = f. As a consequence, [f] = 0 as wanted.

Again, we have two cases: g4 > 2 and g = 1. The first one follows easily by
replacing (), by P, in the (g > 2)-case given in step 3. The case g4 = 1 requires
a different kind of approximation argument that we outline below.

Lemma 16. Let P be an analytic polyhedron in a domain Q) contained in C", let F a
coherent sheaf over Q) and U an open neighbourhood of P. The following propositions
are true:

1. F is spanned by finitely many global sections, i.e., for a suitable N € N/, the
following sequence is exact:

ol Flu 0

2. F(P) is spanned by finitely many global sections, i.e., for a suitable N € N,
the following sequence is exact:

ON(P) F(P) 0

Proof. We divide the proof in two parts.

1. Let {f; ;-”:1 be the analytic functions defining P. Recall that P is a finite
union of relatively compact connected components of

{zeQllfiz)l <1,1<j<m}

For ¢ > 0, we define P, a small perturbation of P, i.e., the union of
connected components of

{ze Q| (1—e)|f]-(z)| <1,1<j<m}
which contains a point of P. We can choose ¢ small enough such that
PePeQ

We allow the following identifications:
o F is identified with F|3;
o P is identified with its image via the Oka map (5,
i5: P— A x D(0,1)"
z—=(z,(1—¢)f1(2),..., (1 —¢)fm(z))

with P contained in the polydisk A;

12
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e A x D(0,1)™ is identified with an open cube R via the Riemann map-
ping theorem.
The simple extension F of F over R is coherent by 5 (note that P is a
closed complex submanifold of R, hence F is well defined). Since P is
relatively compact in R, there exists an open cube E such that P C E C R.
By step 2, for a suitable N € N we obtain the following exact sequence:

oy Flv 0

on a neighbourhood V of E. Restricting to U := V N P, we obtain the
sequence stated in the claim.

2. This proof proceed as in lemma 13, replacing the open neighbourhood
U’ by the analytic polyhedron P.

O

We need one more lemma.

Lemma 17 (Runge-Oka approximation). Let P be an analytic polyhedron in a
domain C) contained in C". Every holomorphic function defined over P is arbitrarily
approximated uniformly on compact subsets of P by elements in O((Q}).

Proof. Let the Oka map of P be
ip: P— AxD(0,1)" =: A
zZ—= (erl(z)/'- ~/le(Z))

where {f;}7; are the analytic functions defining P. As in definition 3, we are
given the short exact sequence

0 Ip Op Op 0

where as usual we identify P with its image (p(P). The following long exact
sequence is exact

HO(A, Op)) — HY(A, Op) =2 HO(P, Op) —— HY(A, Zp) =0
where the last equality holds by coherence of Zp and step 3. More explicitly,
oN)——0(P)——0

It follows that, for any f € O(P), there exists a holomorphic function F €
O(A') such that F|p = f. We expand F(z,w) (where (z,w) € A x D(0,1)™) in
power series,
F(z,w) = Y a.pz"wP
ap
For every compact subset K in P, and € > 0, it exists N € IN such that
IFzzw)— Y agpz*wP|<e V(z,w) € KC A
lal,|BI<N

Replacing w with h = (fi, ..., f), we get

fz)— ) aaﬁz“hﬁ(zﬂ <e VY(zzw) e KCPCQO
lal,|Bl<N

Since ¥y, 1p|<N aaﬁz”‘hﬁ(z) € 0O(Q), the result holds. O

At this point, the proof of the (§ = 1)-case proceeds as in step 3, replacing
open cubes (), with analytic polyhedra P, and Runge approximation with
Runge-Oka approximation.

This was the final step, so the proof is complete.
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We begin with a definition.
Definition 18. Let M be a complex manifold of dimension n. M is a Stein manifold if

o (holomorphic separability) for any two points x,y € M with x # y, there
exists f € O(M) such that f(x) # f(y);

e (globally defined holomorphic local charts) M admits a complex atlas of the
form {(Ua, ¢u) }uca, where ¢, € O(M)" for all « € A;

e (holomorphic convexity) M is holomorphically convex.

Any holomorphically convex domain of C" is a Stein manifold. On the contrary,
although compact complex manifolds are trivially holomorphically convex, glob-
ally defined holomorphic functions don’t separate points, since by the maximum
principle they are constant sections. Hence, compact manifolds are not Stein.

Lemma 19. Let P be a relatively compact open subset of a Stein manifold M. Then there
exists an injective immersion of P in a polydisk of dimension large enough.

Proof. Let M be endowed with a complex atlas made up of globally defined holo-
morphic local charts. By compactness of P, we can extract from the atlas a finite
open covering {U,}! _; of P, with associated coordinate charts {¢,}/_,. Fix x € P.
By holomorphic separability of M, for all y € P~ {x}, there exists a function
fxy € O(M), such that fy,(x) # fv,(y). By continuity of fy,, there exist open
neighbourhoods A,y of x and By, of y, such that fy,(Axy) N fry(Byxy) = @.

We can suppose Ay, C U, and By, C Ug for some o, B € {1,...,1}. The collection
{AxyUByy} yeP is an open covering of P. Again, we extract a finite covering {Axy, U

Bxyy}fixl). We define
m(x)
Ac= [ Aw,
n=1
The family { A}, .p is an open covering of P. We extract a finite covering { Ay, }!I_;.
We define the map f: P — CN by

f(2) = (91(2), -+, 91(2), frrya (2)r o fryyaer)s - s+ )

Claim: the map f is injective.
Suppose that z,w € P, z # w, such that f(z) = f(w). Since { Ay, }"'_; is a covering
of P,z € Ay, for some v € {1,...,n}. Recall that

m(xy)

Axl/ = ﬂ Axvyy
u=1

If w belongs to Ay,y, for some p € {1,...,m(xy)}, then, since also z € Ax,y,, w,z
are in the same coordinate open U, for some a € {1,...,1}. Hence ¢,(z) # ¢u(w),

v

which is a contradiction. As a consequence, since {Ax,y, U Bx,y, }:fg ) is an open

covering of P, w belongs to By,y, for some u € {1,...,m(xy)}. Hence fy,y,(z) #
fr,y, (w), which is a contradiction. Our claim is proved.

By continuity of f, the image of P is relatively compact in CV, therefore contained
in a polydisk A of suitable radius. Since the functions ¢, are local charts of P, f|p
is an injective immersion. O

Now consider an analytic polyhedron P in M, the Oka map of P, defined as
tp: P— AxD(0,1)"
2= (f(2), f1(2), - fin(2))

14
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where f is the injective immersion of lemma 19 and {f; }}":1 are the analytic func-
tions defining P. As in step 4, it is a closed immersion, hence an embedding.

Remark 20. A stronger result, which will not be proved in these notes, is that every
Stein manifold is embeddable in CN for N large enough.

Theorem 21 (Oka-Cartan fundamental theorem on Stein manifolds). Let M be a Stein
manifold, and let F be a coherent sheaf over M. Then we have

HIM,F)=0 g>1

Proof. There is a locally finite open covering U = {U,},ca such that every U, is
biholomorphic to a holomorphically convex domain. Indeed, M is locally biholo-
morphic to an open in C" (dim M = n), and the inverse image of any holomorphic
convex domain (e.g., a polydisk) via local charts is still a holomorphic convex do-
main by 11.

Since a connected component of a finite intersection of U, is a holomorphically
convex domain (by 11), U is a Leray covering with respect to any coherent sheaf.
Note that the exhaustion argument proposed in Lemma 15 relies exclusively on the
holomorphic convexity of (2, hence it still holds for M.

By the same token, the results shown in step 4 and 5 for analytic polyhedra in a
holomorphic convex domain, remain true for analytic polyhedra in a Stein manifold.
Indeed, also in this setting, the Oka map and the holomorphically convex Leray
covering of M are given. O

Some corollaries of the Oka-Cartan fundamental theorem are shown below.

Corollary 22 (Analytic de Rham theorem). Let M be a Stein manifold of dimension n.
Then it holds that
H7(M,C) = H’ . (M,C) q>0

In particular, H1(M,C) = 0 when q > n.
Proof. In the case of Stein manifolds, the following resolution of the constant sheaf

C is acyclic:

0——C—— 0y =0 o) o\ 0

Indeed, (9](&) are locally free sheaves over Oy, hence coherent. By Oka-Cartan
fundamental theorem, H7(M, (’)I(\Z) ) =0forg >1and y > 0. The claim follows
from the abstract de Rham theorem. O

Corollary 23 (Cartan theorem A). Let M be a Stein manifold and F a coherent sheaf
over M. Then F is spanned by finitely many global sections, i.e., for a suitable N € N, the
following sequence is exact:

o ——F——0
Proof. Let X be a closed complex submanifold of M, the following sequence is exact:

0 IX OM OM/IX*>0

Let X = {a}. Tensoring with the Ops-coherent sheaf Oy, we obtain the following
exact sequence of coherent sheaves by 2:

I{a} ®(9M.7:4> Om ®(9M.7: = F —— OM/I{H} Qo F—0

Let IC denote the kernel of the map F — O /Z{a} Roy F = ]:/I{a}}'. Moreover,
observe that if x # a, since Zy,y » = Opmx,

(]—'/I{a}}')x =0

15
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and if x = a,

(F/TiF) = Fo/maFy

where m; is the maximal ideal of the local ring Op;,. Hence F/ I{a}}" is the

skyscraper sheaf fm}'ﬂ centered in 4. By Serre theorem 1, K is coherent, and
the following short exact sequence holds:

0 K F f/I{a}f';)O

We obtain the long exact sequence

HO(M, F) —— HO(M, Fo/m, F) — HY(M,K) =0

where the last equality holds by the Oka-Cartan fundamental theorem. More ex-
plicitly,
.F(M)‘)fﬂ/mafa*)()

The surjectivity of this map implies there exist finitely many global sections of 7 (M)
such that their image span F,/m,F,; (which is a finitely generated Oy, ,-module by
coherence of F). By Nakayama lemma, the same sections are generators of F,. [

Remark 24. In the literature, the previous result is commonly known as Cartan the-
orem A. On the other hand, the Oka-Cartan fundamental theorem is usually called
Cartan theorem B. Any locally finite O);-module (e.g., a coherent sheaf) is spanned
by local sections ([Nog16, Prop 2.4.6, Point-Local Generation]). For coherent sheaves
over Stein manifolds, Cartan theorem A proves “global-point generation”.
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